Adjunctions Section 0

Consider a weaker notion of equivalence of categories, instead of
taking full isomorphisms take only half

ol (o

¢c —  Rc
R

Definition 0.1. (Adjunction I) An adjunction L - R consists of
a pair of functors R : C — D,L : D — C together with a natural
isomorphism between the hom-functors

C(Ld,c) = D(d, Re)
for any ce C and d € D.

The corresponding morphisms

i f°
Ld —— ¢ > d —— Rec

through the bijection are adjoint of each other.

The intuition is that we can get the all information about ¢ € C by
first mapping it with R : ¢ — D and then analysing it in category
D (from any d € D), the natural isomorphism guarantees that this
information is the same as that extracted directly in C (from any
Ld € C).

See [1] Ch.4, [2] Ch.4, [3] Ch.18, [4] Ch.IV.
See also

e Category Theory II 5.2: Adjunctions - YouTube

¢ Adjunctions (examples)

'that is an isomorphism between the hom-sets that is also a natural transfor-
mation between hom-functors when varying both ¢ and d
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Adjunctions Section 1

1 Universal Property & the Unit

Taking the adjunction L 4 R and fixing d € D we have the natural
isomorphism between hom-functors

¢(Ld,~) = D(d, R—)

thus the hom-functor D(d, R—) : C — Set together with Ld € C form
a universal property.

As usual specializing the naturality square (f*: Ld — ¢)

C(Ld, Ld) «+*% D(d, RLd)

fﬁofl lRfﬁo,

C(Ld, C) T D(d, RC)
and evaluating element-wise (f’ = a.f%)

ard
1pg <« ng=arqlrq

I e

Jf o PP =Rffon

we have the existence and uniqueness condition: for any f*:d —
Re there exists a unique f*: Ld — ¢ such that Rff oy = f°

Ld d -, RLd
gl fb\ |
c Re

Note that the map 7, : d - RLd is the adjoint of 1.

Looking at the full diagram

Ld L d
Y‘d y
1 Ld —2 5 RILd I
A fo
c = Re
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we see that the identity diagram for 1;,; on the left induces com-
muting diagrams on the right, this can be made more precise in
the following

Lemma 1.1. Consider the adjunction L 4 R and the diagrams

Ld —Hs L d—"r

fﬁl lgu fbl lgb

c —— ¢ Rec —— R(
k Rk

the diagram on the left commutes if and only if the diagram on
the right commutes .2

Proof. The naturality square for fixed ¢ € C (h:d — d') is

C(Ld,d) —>— D(d', Rc)

~oLh| |-on

C(Ld,d) — D(d, Rc)

(gti oLh)b = gb oh

The naturality square for fixed d € D (k:c— ) is

C(Ld,¢c) —>— D(d, Re)

bo- | |Aro-

C(Ld,c) — D(d, Rc)

(ko f*)’ = Rko f’
Suppose the left diagram commutes

g* o Lh=ko f*

substituting into naturality

2the converse is also true: equivalence between commuting diagrams on both
sides implies the naturelity of the bijections.
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¢ oh=Rkof

thus the right diagram also commutes (the converse is similar).
O

Proposition 1.1. The maps n, : d -+ RLd form a natural transfor-
mation

n:1lp=RolL
of endofunctors D — D.

Proof. The naturality square forn (f : d — d') is

d — RLd
L
d/

M RLA

using the previous lemma this diagram commutes iff the corre-
sponding diagram in C

Ld — Ld

L | |es

Ld —— Ld
1,

commutes, which is clearly the case.
O

Definition 1.1. The natural transformation

n:lp= RolL
is called the unit of the adjunction L - R.
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2 Universal Property & the Counit

Taking the adjunction L 4 R and fixing ¢ € C we have the natural
isomorphism between hom-functors

C(L—,c) =D(—,Re)

thus the hom-functor C(L—,¢) : D — Set together with Rc € D form
a universal property.

As usual specializing the naturality square (f° : d — Rc)

D(Re, Re) —25 C(LRc, c)

—ofbl l—oLfb

D(d, RC) a—d> C(Ld, C)
and evaluating element-wise (ff = a.f°)

QRc
1 —— €= agrclpre

l I

f—a fr=cco Ly

we have the existence and uniqueness condition: for any f*: Ld —
c there exists a unique f” : d — Rec such that ff = ¢, o Lf®

Ld d
p| N b
LRc ——c Rc

Note that the map ¢, : LRc — ¢ is the adjoint of 1z..

The full diagram is

Ld d
g 2
It LRc 7 Re Nid
/ 1&
c = Rce
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Proposition 2.1. The maps ¢. : ¢ — LRc form a natural transfor-
mation

e:LoR=1¢
of endofunctors C — C.

Proof. The naturality square fore (f : c — ) is

€c

LRe —— ¢

wl |

LRC’ T> C/
C

using the previous lemma this diagram commutes iff the corre-
sponding diagram in D

ch
Rc —— Rc

rf| |71

Rd —— Rd
ch/

commutes, which is clearly the case.
O

Definition 2.1. The natural transformation

e:LoR=1¢

is called the counit of the adjunction L - R.
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3 Alternative Definition

An alternative definition of the adjunction is

Definition 3.1. (Adjunction II) An adjunction L - R consists of
a pair of functors R: C — D, L : D — C together with two natural
transformations

* n:1p = Ro L (the unit)
* ¢: LoR=1¢ (the counit)

such that

L - ILoRoL R RoLoR

commute in the functor category [C, D).

Note that RoL and LoR are endo-functors, they are like containers.

The naturality square for unit (f : x — y in D) i@

x SLEN (RoL)x

X
fl fl |renys
Y y —— (Rol)y

n. picks a particular element inside (Ro L)z.

The naturality square for counit (f : z — y in C) is

x (LoR)x —= x
fl (or)s | lf
Y (LoR)y ——y

€, extracts a particular element from (L o R)x.

Snote that 1pz = z,1pf = f
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Proposition 3.1. The two definitions of adjunction are equiva-
lent.

Proof. Consider the isomorphism in the first definition and pick
¢ = Ld then

C(Ld,Ld) 2 D(d,(Ro L)d)
the identity 17, € C(Ld, Ld) picks a mapping (the unit)

ng:d— (RoL)d

which can be seen to be the component of a natural transforma-
tion from the naturality of the isomorphism.

Taking d = Rc we get
C((LoR)c,c) = D(Rc, Re)
the identity 1. picks a mapping (the counit)
€c:(LoR)c—c

which is natural.
In the other direction take

* ng:d— (RoL)d

* ¢.:(LoR)c—c

and use R and L functors on morphisms.
0
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